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Abstract: 
We report on the investigation of plasmonic resonances in metallic Möbius nanorings. Half-
integer numbers of resonant modes are observed due to the presence of an extra phase π provided 
by the topology of the Möbius nanostrip. Anomalous plasmon modes located at the non-
orientable surface of the Möbius nanoring break the symmetry that exist in conventional ring 
cavities, thus enable far-field excitation and emission as bright modes. The far-field resonant 
wavelength as well as the feature of half-integer mode numbers is invariant to the change of 
charge distribution on the Möbius nanoring due to the nontrivial topology. Owing to the ultra-
small mode volume induced by the remaining dark feature, an extremely high sensitivity as well 
as a remarkable figure of merit is obtained in sensing performance. The topological metallic 
nanostructure provides a novel platform for the investigation of localized surface plasmon modes 
exhibiting unique phenomena in plasmonic applications such as high sensitive detection and 
plasmonic nanolasers. 
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1. Introduction 
Metallic nanostructures, capable of supporting surface plasmon polaritons (SPPs) and 
localized surface plasmon resonances, sit at the heart of subwavelength nanophotonic devices 
which can overcome traditional diffraction limits.[1-9] Among others, plasmonic nanoresonators 
such as nanorings are expected to be essential elements of future subwavelength-scale photonic 
systems.[10-12] The optical response and the plasmon modes of a metallic nanoresonator 
critically depend on its shape and size. Dipole-like modes, which have been widely investigated 
in metallic nanostructures,[13,14] represent the basic resonance form of localized surface 
plasmons. In particular, metallic nanoring resonators are known to support whispering-gallery-
like plasmonic multiple modes, formed by self-interference of SPPs in the ring structures. Owing 
to the constraint of resonance, only integer numbers of plasmonic modes exist in nanoring 
resonators.[15,16] Multiple plasmon modes with antisymmetric charge distributions are known 
to exhibit inhibited radiative losses (so-called dark plasmon modes) due to the absence of any net 
dipole moment. However, dark plasmon modes can be converted into bright ones (i.e. with 
efficient radiative emission) by breaking the symmetry of the plasmon mode distributions, but so 
far have received little attention in plasmonic ring resonators.[17-21]  
In this work, we report on the occurrence of topology-induced half-integer plasmon 
modes in metallic Möbius nanorings. Due to symmetry breaking, the higher-order plasmon 
modes turn into bright ones in the Möbius configuration, which are supposed to be dark in 
conventional cylindrical nanorings. The feature of half-integer numbers of plasmon modes as 
well as the corresponding resonant frequencies is robust to the variation of the surface-charge 
distribution on the Möbius nanoring due to the non-trivial topology. In addition, the bright 
plasmon modes retain some “dark” features, such as an enhanced quality (Q) factor and intense 
near-field confinement, leading to high sensitivity to refractive-index (RI) fluctuations together 
with a remarkable figure of merit (FOM).  
 
2. Modeling and simulation 
The Möbius nanoring is formed by rolling up a silver nanostrip after performing a half-
twist, as schematically illustrated in Figure 1(a).  The dimension of the nanostrip is set as w = 80 
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nm in width, t =10 nm in thickness, and L = 300π nm in length. For comparison, a cylindrical 
ring is also constructed by rolling up the same nanostrip without twist. The Drude model is 
adopted to describe the dispersive permittivity of silver as )/()( 22p  i  , where the 
high-frequency bulk permittivity is 6 , the plasma frequency is rad/s105.1
16
p   and the 
collision frequency is rad/s1073.7 13 .[22] The surrounding medium is air with a refractive 
index of n = 1. Linearly polarized light is employed to excite the plasmon modes in the nanoring 
structures. All the calculations are performed based on the finite-element method using the 
commercial software COMSOL.  
 
Figure 1. (a) A cylindrical nanoring made by rolling up a planar nanostrip (left panel), and a Möbius 
nanoring formed by rolling up the nanostrip after performing a half-twist (right panel). (b) Similar dipole-
like plasmonic resonant modes are identified in both cylindrical and Möbius nanorings, formed by 
longitudinal wave oscillation in the ring structures. (c) and (d) show distinct antisymmetric higher order 
plasmon modes in the cylindrical and Möbius ring, formed by interferences of integer and half-integer 
number of transverse-like waves, respectively, as indicated by the solid sinusoids. The charge 
distributions of the plasmon modes are represented by false color, shown in both the rings and the 
corresponding planar strip forms.  
3. Results and discussions 
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3.1 Plasmon modes in cylindrical and Möbius nanorings 
The localized plasmonic resonances can be viewed as quasistatic SPPs confined within 
the nanostructure.[23] When SPPs propagate along the ring trajectory in the cylindrical and 
Möbius nanostrip, resonances are established when satisfying the resonant condition, i.e. an 
integer number (m) of wavelength λ fits into the perimeter (L) of the trajectory. In addition, for a 
higher-order resonance SPPs can also oscillate along the lateral direction of the strip with an 
integer number (l) of the plasmon mode. In this sense, each plasmon mode in the nanoring can be 
identified by a (l, m) pair. As the basic plasmonic resonance, the dipole plasmon-modes (0, 1) are 
found in both cylindrical and Möbius nanorings, as shown in Figure 1(b). Similar to previous 
reports, the dipole plasmon-mode is formed by charge oscillations as a longitudinal wave in the 
metallic ring structure.[15,16]  
For the higher-order plasmonic resonances, the SPPs start to oscillate along the lateral 
direction of the nanostrip in addition to oscillating in the azimuthal plane of the ring cavities. The 
lateral oscillation can be viewed as a transverse-like wave with respect to the ring trajectories, 
where one pair of plasmonic antinodes constitutes a full wavelength (see Figure 1(c) and (d)). 
For the formation of constructive resonances, the resonant waves are required to be in-phase, or 
equivalently a phase difference of an integer number of 2π after one-round trip along the ring 
trajectory needs to be present to satisfy the resonant condition. In the cylindrical nanoring, 
integer numbers (e.g. m=1, 2) of waves are identified, and each wavelength carries a phase 
change of 2π, satisfying the resonant condition. This phenomenon is well known in optical 
WGM resonances in ring cavities.[24] In contrast to the cylindrical nanoring, half-integer 
numbers (i.e. m=1.5, 2.5) of oscillation waves for resonances are supported in the metallic 
Möbius nanoring. The occurrence of half-integer waves leads to a phase π missing for satisfying 
the resonant condition, thus contradicts the conventional picture of constructive interference. The 
formation of half-integer waves, i.e. half-integer plasmon mode pairs, is explained by the 
occurrence of an extra phase (also called Berry phase) π provided by the Möbius nanostrip, 
which has been reported in Möbius-ring resonators for both radio and visible frequency 
resonances, as well as in the half-twisted band structure of topological insulators for spin 
transports.[25-28]    
3.2 Far-field spectra of the cylindrical and Möbius nanorings 
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3.2.1 Bright modes occurred in Möbius nanorings 
The surface charge distribution of anomalous plasmon modes on the non-orientable 
surface of a Möbius nanoring breaks the symmetry that exists in conventional cylindrical rings, 
consequently leading to unique near and far field properties. Intrinsic plasmon modes possessing 
a net dipole moment, such as the dipole-like plasmon modes, are referred to as “bright modes”, 
which can be directly excited and readily characterized by far-field techniques. On the contrary, 
higher order plasmon modes having vanishing net dipole moments are called “dark modes”, 
which cannot be excited nor detected in the far-field due to efficient inhibition of radiative losses. 
To investigate the far-field properties, transmission (T) and reflectance (R) spectra of a 
cylindrical ring and a Möbius ring are calculated, as shown in Figure 2(a) and (b), respectively. 
Only one resonant peak located at 1408 nm is recognized in the cylindrical ring, which is 
induced by the charge oscillation of the dipole mode (0, 1), as shown in the right inset of Figure 
2(a). The charge distribution in the dipole mode possesses C1v symmetry, manifesting a net 
dipole moment. In contrast, for the higher order plasmon modes shown in Figure 1, the charge 
oscillations exhibit antisymmetric distributions with D1h and D2h symmetries for modes (1, 1) 
and (1, 2), respectively. Hence, these modes do not occur in either the transmission or reflectance 
spectrum due to the absence of a net dipole moment, as has been reported in circular plasmonic 
ring resonators.[15,16,20,29] The near-field calculation results of (1, 1) and (1, 2) plasmon 
modes show that their optical resonant wavelengths are located at 565, and 539 nm, respectively, 
as indicated by the dotted line in Figure 2(a).  
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Figure 2. Transmission (T) and reflectance (R) spectra of a cylindrical ring (a) and Möbius ring (b). Bright 
modes (0, 1) caused by dipole-like surface charge oscillation are observed in both cylindrical and Möbius 
rings. The higher order plasmon modes exhibit dark feature in the cylindrical ring due to the 
antisymmetric surface charge distribution, while they turn to be bright in the Möbius ring due to the 
broken symmetry. The dark modes are indicated by dashed curves. The insets display the near-field 
antinodes distributions of corresponding modes in the ring cavities. 
For the Möbius nanoring, the resonant peak of the dipole mode (0, 1) is located at 1416 
nm, as shown in Figure 2(b). Although the length of the nanostrip in the Möbius ring is the same 
as that of the cylindrical ring, a slight mode shift of 8 nm is observed due to the geometry 
difference between the cylindrical and Möbius nanoring. In contrast to the cylindrical nanoring 
where the higher order plasmon modes exhibit dark features, efficient far-field emission is 
observed at 550 and 522 nm for (1, 1.5) and (1, 2.5) plasmonic modes, respectively, as shown in 
Figure 2(b). The intrinsic resonances with half-integer mode numbers violate the resonant 
condition in conventional rings,[25,26,30,31] which, however, can be supported by the 
topological Möbius ring. Here, the half-integer modes located at the non-orientable plane of the 
Möbius ring break the constraint of zero net dipole moment in conventional rings and enable the 
capability of far-field emission.  
The Q-factor of dipole plasmon-modes is as low as in previous reports on circular 
plasmonic ring resonators owing to significant radiative losses.[15,16,20,29] Interestingly, the Q-
factors of higher-order modes (1, 1.5) and (1, 2.5) are around six times higher than that of the 
dipole mode. The Q-factor enhancement indicates a smaller mode volume for the higher-order 
plasmon modes in the Möbius nanoring. Because of the small mode volume, the higher-order 
plasmon modes exhibit suppressed radiative loss, enhanced near-field intensities, and therefore 
higher Q-factors. In the Möbius nanoring, the mode volume is as small as 
3
0003.0   calculated by 
the formula )/()()( 2max
32
eff ErdrErV  , where 0  is the resonant wavelength, )(r  the 
permittivity and )(rE  is the electric field strength. The small mode volume indicates a strong 
local electric field with an enhancement factor of 1000)/(
2
0max EE  (Emax is the local field at the 
plasmon mode and E0 is the electric field of excitation wave), which is promising for the 
investigation of light-matter interactions. 
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3.2.2 Symmetry-breaking in Möbius nanorings 
 
 
Figure 3. Transmission spectra of the dipole mode (0, 1) in cylindrical (a) and Möbius rings (b) excited under 
different polarization angles. (c) Upon varying the excitation polarization, the resonant wavelength is constant in 
cylindrical nanoring due to the rotational symmetry and shifts significantly in Möbius nanoring owing to the broken 
symmetry. The insets show representative surface charge distributions in the two nanoring structures.  
The far-field resonant peaks as a function of the excitation orientation are shown in 
Figure 3, in which the plane wave with different polarization orientations in the azimuthal plane 
is used to excite the plasmon modes in the cylindrical and Möbius ring. Cylindrical rings possess 
rotational symmetry with respect to the ring axis (z). Therefore, the resonant wavelength and 
surface charge distribution of both dipole and high order plasmon modes are invariant to the 
change of excitation-polarization orientation. As an example, the transmission spectra of dipole 
modes are shown in Figure 3(a), showing the constant resonant peak when being excited under 
different polarization angles (see Figure 3(c)). On the contrary, the Möbius ring has no such 
rotational symmetry. Thus, the surface-charge distribution varies when the polarization 
orientation of the excitation light changes, as shown in the insets of Figure 3(c). As a 
consequence, the far-field resonant peaks of the dipole mode do vary when excited at different 
polarization orientations, as shown in Figure 3(a). 
3.2.3 Invariant resonant wavelength in Möbius nanorings 
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Figure 4. Transmission spectra of the high order mode (1, 1.5) in Möbius (a) and mode (1,2) in curved cylindrical 
ring (b) excited with different polarization angles. (c) Upon varying the excitation polarization, the resonant 
wavelength is constant in Möbius nanoring due to the topological structure, while shifts significantly in curved 
cylindrical nanoring of trivial topology. The insets show the representative surface charge distributions in the two 
nanoring structures. 
Interestingly, for the topology induced half-integer modes such as (1, 1.5), the resonant 
wavelength is constant despite the changes of the charge distribution, as shown in Figure 4(a) 
and (c). Compared with the dipole mode shown in Figure 3(c) which occurrs independently of 
topology, the half-integer mode is protected by the topology of the Möbius nanoring. The 
invariance of the resonant wavelength indicates that the net dipole moment in total is constant no 
matter how the charge distribution of the half-integer plasmon mode changes on the topological 
Möbius ring. This topology origin can be further verified by the same examination in a 
cylindrical-like nanoring composed of a curved but not twisted nanostrip, i.e. having the same 
topology of the cylindrical ring. One can see that the higher order plasmon mode (1, 2) shows the 
integer number feature, and the corresponding resonant wavelength varies when excited with 
different polarization orientations, as shown in Figure 4(b) and (c). This difference indicates that 
the resonant peak invariance is induced by the topology of the Möbius ring, rather than the 
curvature of the nanostrip. Moreover, the mode intensity in the transmission spectrum varies 
when excited with different polarization orientations. This transmission variation is caused by 
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the change of extinction cross section when exciting the Möbius ring with different polarization 
orientations. 
3.3 High sensitivity of the bright mode in Möbius nanoring 
As the higher order plasmon modes in the Möbius ring retain some dark feature, a high 
sensitivity is expected due to the enhanced local field. Here the mode (1, 1.5) was selected as an 
example to demonstrate the sensing performance. As shown in Figure 5, a significant mode shift 
is observed when slightly changing the RI of the surrounding medium down to 005.0n . The 
sensitivity reaches 1000 nm per refractive index unit (RIU), exhibiting an excellent bright-mode-
based sensing performance. A FOM of 100 is calculated when the sensitivity is divided by the 
resonance line width, which is remarkable for a plasmonic resonator.[13,14] In addition, the 
intrinsic absorption loss of metallic structures can be compensated by introducing active/optical 
gain media which can efficiently improve the Q-factor of plasmonic nanosystems.[32] Therefore, 
an even higher FOM can be expected, which is not only attractive for sensing applications but 
also interesting for nonlinear optics, such as plasmonic nanolasers.[5,7,9] 
 
Figure 5. Resonance shifts of the plasmon mode (1, 1.5) in response to RI change of the surrounding medium. The 
resonant wavelength as a function of the RI is shown in the inset. 
4. Conclusion 
In conclusion, topological Möbius nanorings have been designed to study higher order 
plasmon modes. Anomalous half-integer numbers of resonant modes are observed which is 
caused by the presence of an extra phase π provided by the topology of the Möbius nanostrip. 
The distribution of the unusual plasmon modes at the non-orientable surface of Möbius nanoring 
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breaks the symmetry that exists in conventional ring cavities, therefore exhibits bright-mode 
features for far-field excitation and emission. The half-integer plasmon modes together with the 
far-field emission wavelength are invariant to the mode distributions on the Möbius nanoring due 
to the non-trivial topology. Owing to the remaining dark feature, a high sensitivity of 1000 
nm/RIU as well as a remarkable FOM of 100 is achieved for sensing applications extending from 
the near-field to the far-field. The topological metallic nanostructure provides a novel platform 
for the investigation of localized plasmon modes exhibiting unique phenomena in plasmonic 
applications such as high sensitive detection and plasmonic nanolasers. 
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